ABSTRACT. Pólya's Positivstellensatz on the 1-simplex says that if P(x) is a real polynomial such that P(x) > 0 whenever x ≥ 0, then all the coefficients of (1 + x) m P(x) are positive whenever m is large. Powers-Reznick gave a complexity estimate for Pólya's Positivstellensatz. Namely, they proved that, for such P(x) of degree d, all the coefficients of (1 + x) m P(x) are positive 
Introduction and main result
A positivstellensatz certifies the strict positivity of a polynomial f ∈ R[x] := R[x 1 , . . ., x n ] on a semialgebraic set k ⊆ R n by representing f as an algebraic expression. This algebraic expression of f witnesses the strict positivity of f on k. Pólya proved a Positivstellensatz for real homogeneous polynomials on the n-simplex [4] (reproduced in [2, pp. 57-60] ). For the 1-simplex an equivalent formulation is that if P(x) ∈ R[x] is a polynomial such that P(x) > 0 whenever x ≥ 0, then all the coefficients of (1 + x) m P(x) are positive whenever m is large (see also [5, corollary 5] ). In this case, a positivstellensatz certifies that P(x) ∈ R[x] on a nonnegative real line by representing P(x) as an algebraic expression : (1 + x) m P(x) has positive coefficient.
Powers-Reznick obtained an upper bound for the least m such that all the coefficients of (1 + x) m P(x) are positive [6] . For a polynomial P(x) = ∑ d j=0 a j x j ∈ R[x] of degree d such that P(x) > 0 whenever x ≥ 0, they showed that all the coefficients of (1 + x) m P(x) are positive whenever We remark that λ (P) is a well-defined positive real number for such P(x) since P(x) is a polynomial of degree d with positive leading coefficient so that lim x→∞
Note that
Hence it suffices to show that max j=0,...,d
This proves (3) and the equality holds when sup x∈[0,∞)
, which occurs only when
In this report we improve Powers-Reznick's degree bound for d = 3 and d = 4.
, all the coefficients of (1 + x) m P(x) are positive whenever 
− d holds, we improved PowersReznick's bound. For d = 3, the above inequality holds whenever To prove that (1 + x) m P(x) have positive coefficients, we use the equivalent condition:
Pólya chose
has a sign independent of P(x). We choose our approximator to be
where
Combining (7) with
c (0), we will prove lemma 2.
From (6),
for some polynomial h 
where C 3 = Proof of lemma 3 for d = 3. We will first determine the sign of f
c (m) explicitly as follows:
1−c (m) and h
c (m) is linear in m, we can determine the sign as 0 ≤ c ≤ 1.
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The possible signs of (h
We return to the estimation of the sum ∑ 3 j=0 7 . Note that for this case, using (10) with its respective signs, we will obtain ∑ 3 j=0
c (m)| = (12 − 24c)m + (28 − 56c). Hence, using (8), we will get
where the last inequality follows from 0 < and m ≥ 0.
c (m), h 7 . Similarly, for this case, using (10) with its respective signs, we will obtain ∑ 3 j=0
c (m)| = (6 − 18c)m + (24 − 42c). Hence, using (8), we will get
where the last inequality follows from 0 < 
c (m)) = (≤ 0, ≥ 0, ≥ 0, ≤ 0) and
. Also for this case, using (10) with its respective signs, we will obtain ∑ 
Proof of lemma 3 for d = 4. We will first determine the sign of f
Note that h 
Using the turning point above we can obtain,
We can solve the inequality m 0 (c) ≥ 1 for 0 ≤ c < Lastly, for j = 2, the leading coefficient of h (2) c (m) is negative for 0 ≤ c ≤ 
where the second last inequality holds since c ≤ 1
Case C 2 :
14 . Since the leading coefficient is positive, hence i Hence the possible signs of (h
, 
This inequality holds since
is decreasing in m for m ≥ 1 so that
. In this case, φ (m) = 24m 2 + 128m + 232 and ψ(m) = 12m 2 + 52m + 64. From (15),
where the last inequality holds since (−c 2 (6 + lensatz implies a corrosponding degree bound for Schmüdgen's positivstellensatz [7] , and NieSchweighofer showed that a degree bound for Pólya's positvstellensatz implies a corrosponding degree bound for Putinar's positivstellensatz [3] . There are also applications of degree bounds for Pólya positvstellensatz to estimate the rate of convergence of hierarchy of lower bounds that converge to infimum of fixed degree polynomials on the simplex [1] .
